57
The objective of this study was to propose models of risk-sensitive MDPs extending the 
where X ik is the probability of decision k conditional on state i, which is always 0 or 1 (Hillier
94
and Lieberman, 2010, p. 787).
95
Risk aversion means that, in addition to the expected value of the annual return, the decision 96 maker is also sensitive to its variance. Specifically, for two policies with equal expected 97 outcomes, risk-averse decision makers prefer the alternative that has the lowest variance. In this 98 application, the variance, V, of a stream of annual returns per unit of land area, R, was:
where E was the expected value. With the notations used in model (1) the variance of the 101 annual return became: 
110
Solving problem (5) (Ding et al. 2009; Freund 1956; Levitt and Ben-Israel 2001) :
where U is the utility of a particular criterion, X, of expected value E and variance V. In our 135 context, for the financial criterion, U(X) was the amount of "certain" annual income that the 136 decision maker would be willing to receive in exchange for the returns expected from the forest.
137
The parameter β indicates the risk attitude of the decision maker. preference assumed independent of the wealth of the decision maker.
142
In the context of the problem described by the MDP model (1), the utility of the stream of 143 annual financial returns became:
Levitt and Ben-Israel (2001) use the objective function (7) to explicitly model risk attitude in
146
MDPs using the Bellman optimality principle and its related dynamic programming numerical , 1977-2014) , the growing stock volume serving as weights. Table 2 174
shows the definition of the three market states (low, medium, high) based on this index, the price 
203
Allowing the standard deviation to exceed $1,079/ha/year could not increase the annual expected 204 return beyond 326 $/ha/year, the maximum achievable with unconstrained variance.
205
The efficiency frontiers in Figure 1 can be used by decision makers to express their risk aversion.
206
Assume for example that, using Figure 1 between the price of softwoods and hardwoods, and that of large and small sawtimber (Table 2) .
217
The corresponding financially risk-averse and risk-neutral policies, i.e. the decisions depending 218 on the stand and market state are in As an example of application of risk aversion with multiple constraints (model (6)), Table 5 224
shows the results of the solution that minimized the variance of financial annual returns, subject
225
to keeping the expected value of all criteria at least at 50 percent of their unconstrained maxima.
226
In the optimum solution, annual returns and the fraction of forest in old growth were at their 50 227 percent lower bound, while other criteria exceeded it. In particular diversity of tree species and 228 size were at 93 and 95 percent of their maximum unconstrained value. Compared with the risk-
229
averse solution in Table 3 that maximized annual returns subject only to a standard deviation of
230
$500/ha/y, most expected values were higher. The only exception was expected production 231 which was marginally lower with the multiple constraints (Table 5 ) than with the single 232 constraint of $500/ha/y on the standard deviation of annual returns (Table 3 ). The expected 233 fraction of old growth was markedly higher with the multiple constraints (Table 3) 
242
With risk neutrality (β=0), the certainty equivalent return was the same as the expected 
D r a f t
The policies that led to these results are in (Table 6) . 
281
The approach used the central variable of the linear-programming MDP formulation, the 282 probability of a decision given a system state (here combining the state of a forest stand and the 283 state of the market). The other method used the certainty equivalent criterion, essentially a 284 weighted average of the expected value and variance.
285
The two approaches were applied to data for mixed softwood-hardwood forests in the southern 
329
Inevitably, the proposed methods are subject to the inherent limitations of MDPs,
330
especially the "curse of dimensionality" which forces some simplifications to render models 331 more computationally tractable. In addition, variance, the measure of risk used in the first 332 method, has been criticized for not being "coherent" (Artzner et al. 1999) . Timber Mart South, Athens, Gorgia, USA. Low Medium High ----------------------Decision 2 ----------------------------- 
